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Abstract. The aim of the article is to show a Hormander spectral multi- 
plier theorem for an operator A whose kernel of the semigroup exp{—zA) 
satisfies certain Poisson estimates for complex times z. Here exp(— Zj4) 
acts on L*'(r2), 1 < p < oo, where f2 is a space of homogeneous type 
with the additional condition that the measure of annuli is controlled. 
In most of the known Hormander type theorems in the literature, Gauss- 
ian bounds for the semigroup are needed, whereas here the new feature 
is that the assumption are the to some extend weaker Poisson bounds. 
The order of derivation in our Hormander multiplier result is f + 1, d 
being the dimension of the space Q. Moreover the functional calculus 
resulting from our Hormander theorem is shown to be _R-bounded. 
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1. Introduction 

Let / be a bounded function on (0, oo) and u{f) the operator on Lp(R'^) 
defined by [u{f)g] (^) = Hormander's theorem on Fourier multi- 

pHers W, Theorem 2.5] asserts that u{f) : LP{R'^) ^ LP{R'^) is bounded for 
any p e (1, oo) provided that for some integer iV strictly larger than | 



This theorem has many generalisations to similar contexts, for example 
to elliptic and sub-elliptic differential operators A, including sublaplacians on 
Lie groups of polynomial growth, Schrodinger operators and elliptic operators 
on Riemannian manifolds j^: Note first that the above u{f) equals /(—A), 
the functional calculus of the self- adjoint positive operator —A. Now for 
a self-adjoint operator A, a Hormander theorem states that the operator 




N). 
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f{A) extends boundedly to LP{il,), 1 < p < oo for any function / satisfying 
with suitable N. In most of the proofs for a Hormander theorem in the 
hterature, the assumption of so cahed Gaussian bounds plays a crucial role. 
That means the following. Suppose that A acts on LP{il), 1 < p < oo, where 
(n, fi, p) is a space of homogeneous type. Then the semigroup (exp(— tA))f>o 
generated by A has an integral kernel kt{x,y) such that 

\h{x, y)\ < Cfi{B{y, Vt))-' exp (^_c^^^) {t>0,x,y€ n). 

This hypothesis includes many elliptic differential operators. However there 
are operators such that the integral kernel of the semigroup satisfies only 
weaker estimates, see e.g. [TU]. Establishing a Hormander theorem for these 
operators is the issue of the present article. More precisely, let A act as above 
on LP(r2) such that {exp(—zA))-Rcz>a has an integral kernel kz{x,y) such 
that 

%{x,v)\<C— (Rez>0, 



and 

\k,{x,y)~k,{x,y)\<C ^ 

p{x,y)'^\ 2 |z2 + p{x,yy 

hold for Rez > 0, x,y,y & fi. The right hand side of the first estimate is (a 
constant times) the absolute value of the complex Poisson kernel which obvi- 
ously decays slower as p{x, y) ^ oo than the Gaussian kernel above. Under a 
further hypothesis on the homogeneous space Q we obtain a Hormander theo- 
rem of the order N > for operators A satisfying the above two estimates. 
The proof relies on the behaviour of the semigroup exp(— zA) generated by A 
when the complex parameter z approaches the imaginary axis. Here simple 
norm estimates are not sufficient but i?-bounds of the semigroup are needed. 

In Section [5] we will introduce the necessary background and cite a the- 
orem which allows to pass from i?-bounds on the semigroup to a Hormander 
functional calculus. In Section [3] we state and prove the result of this article. 



2. Preliminaries 

In this section, we provide the necessary background for the Main Section |31 
Let A be a self-adjoint positive operator on L'^(n), where J7 is some cr-finite 
measure space. Then for any bounded measurable function / : [0,00) — > 
C, the operator f{A) e B{L'^{n)) is defined via the self-adjoint functional 
calculus of A. In several situations, this functional calculus extends partially 
to LP{n) for 1 < p < cx). Let (/)o S C~(i, 2) and forn e Z put = M"^"" ■)■ 
We can and do assume that X^nez 4'n{t) = 1 for any t > [H Lemma 6.1.7]. 
Now define 

= {/ : [0,(X)) ^ C : WfWu^ = |/(0)| + sup || (</)„/) o exp |lvy.(R) < 00}, 
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where VKf (M) is the usual Sobolev space. For a > ^, the space is a Banach 
algebra endowed with the norm || • This class refines condition (II. ip in 
the sense that f G T-l" =^ / satisfies (jl.ip for a > and the converse holds 
for a < N. Then A is said to have a bounded calculus on LP{n) if for any 
/ e H", the operator f{A) extends boundedly from LP{n) n L\n) ^ L^{n) 
to an operator in B{LP{Vt)). 

Let uj S (0,7r). A densely defined and closed operator A on L'p{VI), 1 < 
p < oo, is called oj-sectorial if cr(A) C where = {z G C* : | argz| < w}, 
and ||A(A — ^)^"'^|| < Ce for any A € and any 6* e (i^,7r). For an 
cj-sectorial operator A and a function / £ H^CSg) = {5 : — > C : 
g analytic and bounded, 3 C, e > : \g{z)\ < Cmindzl*^, |z|~')} where 
< u < 6 < TT, one defines the operator f{A) by 



fiA)x 



f{X){X- A)-^xdX. 



1 

2'Ki jp 

Here, F is the boundary of "E ui+e oriented counterclockwise. This definition 

2 

coincides with the self-adjoint calculus if applicable. If there is a constant 
C > such that ||/(A)|| < Csup|a,g3|<e |/(z)| for any / e then A 

is said to have a bounded H°°{Y,g) calculus, or just bounded H°° calculus. 
If \\fiA)\\ < CWfWn" for any / G Hoo ^ H", then there exists 

a bounded homomorphism "H" — > B{LP{n)), f 1-^ f{A), and A is said to 
have a bounded calculus. If A is moreover self-adjoint on L^(r2) then the 
notion of a bounded calculus coincides with the one from the preceding 
paragraph. 

Let (e„)„gN be a sequence of independent random variables such that 
Prob(e„ = 1) = Prob(e„ — —1) = i, i.e. a sequence of independent Rademach- 
er variables. Let X be a Banach space. A subset t C B{X) is called R- 
bounded if there exists a constant C > such that for any choice of finite 
families Ti, . . . , r„ e r and xi, . . . , a;„ e A", one has 



E 



k=l 



< C E 



X/ 



The least possible constant is denoted by R{t), and R{t) = 00, if no such con- 
stant is admitted. Any i?-bounded set t is norm bounded, i.e. sup-pg^ ||r|| < 
R{t), but the converse is false in general. If A = L^, I < p < 00, then 



E 



E 

fc=i 



£kXk 



x^ 



El 

\k=l 



Xk\ 



(2.1) 



uniformly in n and xi, . . . ,a;„. A linear mapping u : Y ^ B{X), where Y 
is a further Banach space is called i?-bounded if R{u{y) : \\y\\Y < 1) < 00. 
The following proposition gives a condition on the semigroup generated by a 
sectorial operator A so that A has a calculus. 



4 



Ch. Kriegler 



Proposition 2.1. Let A be an w-sectorial operator for any oj > defined on 
an LP space for some 1 < p < oo, and let A have a bounded H°° calculus. 
Suppose that for some a > the set {exp(— 6*^2*^^^) : fc € Z} is i?-bounded 
for any < > and \0\ < f , with i?-bound < (f - \0\)^" . Then for any 
P > a + ^, A has a bounded V.^ calculus. Moreover, this calculus is an 
i?-bounded mapping. 

Proof. This is proved in the case that A has dense range in fT', Lemma 4.72 
and Proposition 4.79] and also in [9l Proposition 3.1 and Proposition 6.7]. 
This proof for which we give a sketch applies also here. First one deduces 
from the assumption of i?-boundedness of the semigroup that 

{(1 + |t|)""(l + 2'= A)-" exp{i2''tA) : teR} 

is i?-bounded with _R-bound independent of t € JR. Then for g e C^(0, oo) a 
representation formula of g{2''A){l + 2''A)~°' is available, namely 

2^ 



g{2''A){l+2''A)-°'x 



g{t){l+\t\f{l+\t\)-^^{l+2''A)~°'exp{i2''tA)xdt. 



If /3 > a + i, then (1 + |f|)-^||(l + 2''Ay 
function in (M) , and if g belongs to W2 (1 
In fact, more can be said. By [6, Proposition 4.1, Remark 4.2], the set 



' cxp(i2'^iA)|| is dominated by a 
then also g{t){l + \t\)^ e L^{R). 



{g(2'=A)(l + 2'=A)-" : geCT{0,^), \\g\U 



<1, keZ} 



is i?-bounded. Next one gets rid of the factor (1 + 2'' A) " above by using 
a function ^(A) = (1 + A)"0(A) where (j) G C^{0,oo) and 0(A) = 1 for 
A G [^,2]. The hypotheses of the proposition imply that {ip{2^A) : fc e Z} is 
i?-bounded. Then 



1 



{g{2^A): .g e (0, 00), suppg C [-, 2], \\g 



is i?-bounded. The hypotheses imply moreover that there holds the following 
equivalences of Paley-Littlewood type: 



I/IIp 



El'^(2'=A)0(2'=^)/|2 



P P 

for a function cf) £ C^(0, 00), (j) not vanishing identically zero, supp0 C [^,2] 
and 4) = 0(2-1-) +(/) + (f){2-). Then one can show that g{A) is bounded for 
WgWnf < 00 : 



\\9{A)f\\r,' 



J2\H'2''A)g{A)c^{2''A)f\'\ 
El03(2"'-)(2'=^)'/'(2'-A)/|^ 
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< i?({^.g(2-'=-) : fc G Z}) 

<\\9\\'H4f\\p- 

Thus {g{A) : \\g\\f{fi < 1} is a bounded subset of B{U'). In a similar manner 
to the calculation right above, using the fact that has Pisier's property 
(a), one shows that this set is moreover i?-bounded. □ 

The space on which the operator A acts will be a space of homoge- 
neous type. This means that (17, p) is a metric space endowed with a nonneg- 
ative Borel measure /i which satisfies the doubling condition: There exists a 
constant C > such that for all a; e and r > 0, 

fiiB{x,2r)) < C^iiB{x,r)) < oo, 

where we set B{x,r) — {y G : p{x,y) < r}. Note that the doubling 
condition implies the following strong homogeneity property: There exists 
C > and a dimension d > such that for all A > 1, for all a; € and all 
r > we have p{B{x,Xr)) < CX'^fi{B{x,r)). We will assume that the space 
of homogeneous type {Q.,^,p) has the additional property 

p.iB{x,r,R)) <CiR'^ -r'^) (x e f7, i? > r > 0), (2.2) 

where we denote B{x, r, R) — B{x, R)\B{x, r). 



3. The Main Theorem 

We let (f2, /i, p) be a space of homogeneous type with the additional property 
(|2.2p . We further let = exp(— z^) be a semigroup on L'^{Vl) with the prop- 
erties: The generator A is selfadjoint, and has an integral kernel kz{x,y) 
for Rez > i.e. (r,/)(x) = J^k,ix,y)fiy)dp{y) for any / e L^n). We 
assume that 

Mx,y)\<C— -^—7TI {t>0,x,yen), (3.1) 

{t^ +p{x,yy) 2 

\ht{x,y)\<C- -L_ {teR,x,yen), (3.2) 

- p[x,yy\ 2 

and 

\k.{x,y)\<C— M^^exp(max(|z|Mzr")) (3.3) 

\z + p[x,yr\ 2 

for some a < tt. Then f^J^ . (15^ and ((53)) imply 

\kz{x,y)\<C— ITT {zeC+,x,yen). (3.4) 

F +P(2^,2/) I " 

Indeed, define f{z) = fcz(a;, y) +Py^'y> > for x,y € Q fixed and Kez > 

0, z^O. Then |/(z)| < C for z e K+ and z e iM\{0}. Moreover, / is analytic 
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and of admissible growth in the sectors {z £ C* : Rez > 0, Imz > 0} and 
{z e C* : Rez > 0, Imz < 0} in the sense of [TT]- By [TT] it follows from a 
variant of the three lines lemma that \f{z)\ < C for Rez > 0, which shows 
p.4p . We further assume in the sequel that 



\kz{x,y) - kz{x,y)\ < C 



1^1 



\z'^ + p{x,yy\- 



(3.5) 



holds for Re z > 0, X, y, y e il. 



Proposition 3.1. Let {Q, /i, p) be a space of homogeneous type satisfying 
and Tz = exp{—zA) a semigroup satisfying (|3.4p and p.5|) with self-adjoint 
A. Then the operator A has an H°° calculus on LP{il) ioi 1 < p < oo. 

Proof. The proposition follows from [?J Theorem 3.1]. Indeed, let 9 e (0, ^). 
Then Tz is analytic on in the sector T,g, and since A is self-adjoint, 

it has a bounded H°°{T,f^) calculus for any /x > f — 6*. The kernel kz{x,y) 
satisfies on z £ Y.g the bound 



\kzix,y)\ 



< 



< 



\Rcz 



l-d 



<M(S(x,|Rez|))-i ( 1 



\ Rcz J 



p{x,y) 
Rez 



since |z| = Rez for z e Sg, |1 

2 



1 



Rc s 

, and p{B{x,t)) < by 



< 1 



Rcz 



< 1 



< 



Then with Gt given by [H (7)] 



and g{x) = c(l -f x'^) 2 ^ we can deduce from [H Theorem 3.1] that A has 
a bounded calculus on LP{{1) for any p € (1, 00) and p> ^ — 9. □ 

For later use we state the following lemma. 

Lemma 3.2. Let {ft, p, p) be a space of homogeneous type satisfying (|2.2I) . 
Let |0| < f , a > 0, 6 > f and y e n. Then 



le^^*^ + (ap(.T,y))2|-''a'^d;.(x) < (- - 



Proof. We split the integral over into four parts 



+ 



B{y,a-^^l-{^-\0\)) Js(y,a- Vl-(f-|e|),a-Vl + f-|el) 



B(j/,a-i^l + f -|e|,2a-i) J B{y.,2a-^ ,00) 
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For the first integral, we have |e^*^ + (ap(a;, y))^! > \ cos{29) + {ap{x,y))^\ and 
thus, 



B(y,a-Vl-(f-|e|)) 



< / \cos{29) + {ap{x,y)f\^''a'^dn{x) 

ii3(y.a-Vl-(f-|e|)) 



< 



a-^y/l-{^-\e\) , 

|cos(26i) + (ar)2|-''aV — 



= / |cos(2(?)+r2|-V- 

<il-\o\)-''^'. 

Note that after the second inequality, the factor r"^-^ follows from assumption 
((T^ . For the second integral, we have {e'^'^ + {ap{x,y))'^\ > |sin(26')| = ^-\0\ 
and thus, 



JB(y,a-K/T 



\e''' + {ap{x,y)f\-'a''dfi{x) 



B(y,a-Vi-(f-|e|).a-Vi+f-|e|) 



< (| - |0rVA.(B(y,a-yi - (| - |0|),a-yi + | - |0|)) 

< (f - i^ir'((i + (f - 1^1))^ " (1 - (f - 1^1))*) 

For the third integral, we have |e^*^ + {ap{x,y))'^\ > \ cos(20) + {ap{x,y))'^\ 
and therefore. 



|e^^« + (ap(x,y))^|-VdMW 



B(j,,a-i^l + f-|0|,2a-i) 

< / |cos(26') + (ar)2 1 -V/ — 



< 



2 

|cos(2(?)+r2|-V — 



<(f-|e|)-''+^ 

Finally, for the fourth integral, we have |e^'^ + {ap{x,y))'^\ > {ap{x,y)y and 
therefore, 

\e^^<^ + {apix,y)r\-'a''d^^{x)< T (00-2"+^^ 

B(y,2a-i,oo) i2a-i ^ 

since 6 > f ■ Now summing up the four estimates proves the lemma. □ 
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The following is the main proposition of this section. 

Proposition 3.3. Let A be self-adjoint positive such that p.4p and p.5|) are 
satisfied. Then the semigroup exp(— zyl) satisfies on X = LP(f2) for any 

I < p < oo the i?-bound estimate 

R {eM-e''2HA) : J e Z) < (- - \9\j 

Proof. Write in short kj{x,y) — kf.ia23t{x,y)- According to 12, p. 19, Theo- 
rem 3 and p. 28, Section 6.4], see also [3 p. 74,Theoreme 2.4], it suffices to 
show that 

/ sup\k,(x,y)-k,{x,y)\dti{x)<c(^-\e\y^''^'''^\ (3.6) 

Jpix,y)>3p{y,y) jel, ^ 

Indeed, then it follows from the self-adjointness of A and, with Bi = B2 ~ 
in T2, p. 28, Section 6.4], that for any 1 < p < 2 and e ViP)-, 

II (E, \h * h?f\\v <G^{\' 101)"^'+'^/' II (E, l/.f )' Hp- The same in- 
equality holds then for 2 < p < cx) by duality which shows the claimed 
i?-boundedness by (|2.ip . At first, we have 



_ sup |fcj(x,2/) - 
< X! / _ \kjix,y) - kj{x,y)\d^j,{x) (3.7) 

+ X! / _ \kj{x,y) - k.j{x,y)\dfi{x). (3.8) 

i:2J>p(a,j?)"'''(^^'')^3p(y,j/) 

We estimate p.7p and p.8p separately. For p.7p . we assume without loss of 
generality that i e [^,1]- Then 

kj{x,y) - kj{x,y)\dn(x) 

p{x,y)>3p(y,y) 



< / ^ \kj{x,y)\ + \kj{x,y)\dfi{x) 

•' p{x,y)>3p{y,y) 

^ , 2H 2H 



Pix,y)>3p(y,y) |(2^te»«)2 -f p(a;, y)2|('i+i)/2 \{2He^<^r + p{x,yn'i+^)/^ 



dii{x) 



< / 2Hr-'^-^r'^-^dr+ / Vtr-'^-^r'^-^dr 
J'2p(y,y) Jp(v,v) 

<2Hp{y,y)-^ +2Hp{y,y)-\ 

Here, in the second inequality, we have used assumption p.4p . In the third 
inequality we have used that \2He'^^\ < p{y,y), so that \{2He^^)^ + p{x, y)^ \ = 
p{x,yY and \{2He'^^Y + p{x^yY\ — Pi^iVY- Then the two integrals after 
the third inequality are concentric around y and with r = p(x, y) and 
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r — p{x,y), and the factor r'' ^ follows from assumption (|2.2p . Replacing 
this in (I3.7|) and summing up we obtain 

j:2.<p(a,17) -'P(^^2')>3p(a,y) j:2.<pfe,17) 

Let us turn to p.Sp and pick a j e Z such that 2^ > p{y,y), and a t G 1]. 
Using p.Sp . we get 



p{x,y)>3p(v,v) 



\kj{x,y) - kj{x,y)\dn(x) 



< j 2H 

■J p{x,y)>3p{y,y) 

2H 



|(2Jte^«)2 +p(a;,y)2|^ \{2He'0)^ + p{x,yy\^ 
\{2He^y+pix,yr\'i'-\{2He^y+pix,yr\'i^ 



dp{x) 



p{x,y)>3p(y,y) 

X \{2He^'f + p{x,yf\-'^\{2He^'f + p{x,yf\-'^d^^{x) 

< f 2H \{2Hey -V p{x,yf\^ -\{2He^<'f + p[x,yf^-^ 
p{x,y)>3p{y,y) 

X J2 l(2^'te'')' + P(x,f)^|^|(2^te^'')2 + p{x,yr\ix 

1=0 

X I i2He^y + p{x, r ^ I i2He^y + p{x, yfr^i^df^ix) 

< f 2H\p{x,yr-p{x,yr\-\i2He^y+p{x,yf\-'-x 
p{x,y)>3p{y,y) 



X 



2 X 



X \{2He^<'f + p{x,yf\-^\{'^'te^''f + p{x.v)'T^d^Ji{x) 



ie\2 



< I _ piy,y)i2Hy 

'p(a;,y)>3p(y,y) 

d-i 



-1 ( P{x,y) p{x,y) 
2H 2H 



p{x, y) 
2H 



X 



E 



p{x,y) 



2H 



J2iB 



pjx, y) 
2H 



p{x,y) 
2H 



P{x,v) 
2H 



{2H)-'^dp,{x). 



We divide this integral into the two terms 



'{i(^r-i|<f-iei} ^{|(^r-i|>f-i«i} 
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For the first integral, we have ^^r^+^fer^ ^ 1 



V ) 



> |sin(26')| 



> 



f - \e\ and 



> I sin(26l)| > f - |6'|. Therefore, 



{|(^) 

d 

E 



-1 <^ 



-1^1} 



1 / Pix,y) , p{x,y) 



1=0 





f p{x, y) 


r 


2 




V 2H 







2ie 



p{x,y) 
2H 



2H 



p{x,v) 

2H 



p(.x,y) ^ ^ 
2H 



2H 



„2i0 



Pi.x,y) 
2H 



{2H)-'^dp{x) 



pix,y) 



2H 



1„,- ,7r 



< p{y,y){2't)-'{- - \e\)-^{2H)-'f,{B{y,2H - -2H{ 



d+3 



l.TT 



\e\),2H + l2H{^-\e\))) 

1 ,Tr 



< p{y,y)i2H)-^- - \e\)-^ {2H)-^{2Hr{{l + -(- - \e\)r - (1 - 1.(77 - I^D)') 



2^2 



2^2 



< 



p(y,y)(2^i)-'(o-|^l) 



For the second integral, if 



(^)'-l > f-|e|,then^ < 1 + 



(^) +e2^^ + (^) 



< 



(f-l 



g2i9 ^ ' ' . Since p{x, y) > 3p{y, y), we also have ^ ^ 



2i t ^ V 2 



^-a-b £qj. ^ s a, 6 > 0. Then 



/ pix,y) Y 



Note also that r'^s'^ < r"""* + 



/ 1 ( £(2jyl\ 

d 

E 



-1 >? 



g2.e + 



-l^l} 
2.?i 



P(y,y)(2^i)" 



-1 f P{x,y) , p(a;,y) 



2Ji 



2Jt 



2H 



,2i6/ 



2-?t 



g2ie^ 



p{x,y) 



2H 



< 



•lie 



p{x,y) 
2H 

,1^ 



d+l 



{2H)-'^dn{x) 



{|(^r 



-1 >4 



1} 2 
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2H 



p{x,y ) 
2H 



d+2 \ 

— \ \ 2 



Now apply Lemma [3.21 with a = [2H) ^, b ~ ^i^. and for y and y in place 
of y. This gives the estimate 

< piy,y){2'tr\^ - = piy,y){2H)-'i^ - ^. 

Now summing up the estimates for j gives the desired estimate of p.8p : 

j:2i>p{y,y) 

□ 

Remark 3.4. For the Poisson semigroup = exp(— (— A)5z) onX = LP{W^)^ 
a better estimate than Proposition l3.3l has been obtained in j8j Theorem 5.1], 
where it is shown that i?({exp(-e*^2'''t(-A)^) : G Z}) < (f - \e\)-°' for 
any a > In the above proof, if in place of p.Sp one has the better 

estimate \kj{x,y) - kj{x,y)\ < p{y,y){2H)-'^-^\e^''^ + \-^.. then 

with Lemma [3.21 one can show the better bound i?({exp(— e*^2'^tj4) : k £ 

z}) ;$ (f - loi)-^"^-^^^^. 

Corollary 3.5. Let A be self-adjoint positive on L^(f2) with il a space of 
homogeneous type satisfying (|2.2p such that the Poisson estimates p.4p and 
p.Sp are satisfied. Then A has a bounded "H" calculus on LP{il) for any 
1 < p < oo and a > Moreover this calculus is an i?-bounded mapping, 
i.e. 

R{f{A): ||/||«» <l)<c^. 
Proof. This follows immediately from Propositions 12.11 13.11 and 13.31 □ 

Remark 3.6. Let us compare our corollary to the results in [TO]. There the 
authors suppose that Q is the smooth boundary of an open connected subset 
n of and A is the Dirchlet-to-Neumann operator defined as follows: 

Given (fi £ L^{il) solve the Dirichlet problem 

Au = weakly on fl 

with u e M^2^(fi). If u has a weak normal derivative ^ in L^(ri), then (p g 
D{A) and Atp = This operator is a pseudodifFerential operator, selfadjoint 



12 



Ch. Kriegler 



on L^(ri). Then in 10 it is shown that the semigroup satisfies the fohowing 
variant of the complex Poisson estimate: 

min(|z|, I)"'' 



\kAx,y)\<C{cos0r'^^-'^^- 



d+l 



for all x,y G fl and Rez > 0, where 6 — argz. Further aH" calculus for A 
with a > I is derived from the complex Poisson bounds in [101 Section 7] . 
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